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Abstract 

Let G / H be a semisimple symmetric space. The main tool to embed a principal series represen- 
tation of G into L'^{G/H) are the if -invariant distribution vectors. If G/H is a non-compactly 
causal symmetric space, then G/H can be realized as a boundary component of the complex 
crown 2. In this article we construct a minimal G-invariant subdomain S/f of S with G/H as 
Shilov boundary. Let tt be a spherical principal series representation of G. We show that the 
space of -invariant distribution vectors of tt, which admit a holomorphic extension to 2//, is 
one dimensional. Furthermore we give a spectral definition of a Hardy space corresponding to 
those distribution vectors. In particular we achieve a geometric realization of a multiplicity free 
subspace of L^{G/ H)aic in a space of holomorphic functions. 



Introduction 

Holomorphic extensions and boundary value maps have been valuable tools to solve problems in 
representation theory and harmonic analysis on real symmetric spaces. Two of the best known 
constructions are Hardy spaces with their boundary value maps and Cauchy-Szego-kernels, and 
Fock space constructions with their corresponding Segal-Barmann transform. It is in this flavour 
that we establish a correspondence between eigenfunctions on a Riemannian symmetric spaces 
X — G/K and a non-compactly causal (NCC) symmetric spaces Y = G/H in this paper. In 
particular we, via analytic continuation, relate a spherical function ipx on G/K to a holomorphic 
iJ-invariant distribution on G/H . 

Let us explain our results in more detail. On the geometric level we construct a certain 
minimal G-invariant Stein domain 5// C Xc = Gc/Kc with the following properties: The 
Riemannian symmetric space X is embedded into as a totally real submanifold and the 
affine non-compactly causal space Y is isomorphic to the distinguished (Shilov) boundary of 
Sjy . The details of this construction are carried out in Section 1. 

The minimal tube 'E.h is a subdomain of the complex crown 5 C Xc of X - an object 
first introduced in [AG90] which became subject of intense study over the last few years. A 
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consequence is that all D(X)-eigenfunctions on X extend holomorphically to [KSOlb]. 

Another key fact is that ©(X) ~ ©(y) . Thus by taking limits on the boundary Y we obtain 
a realization of the ]D)(X)-eigenfunctions on X as D(F)-eigenfunctions on Y . Conversely, 
eigenfunctions on Y which holomorphically extend to 'Eh yield by restriction eigenfunctions 
on X. 

It seems to us that the above mentioned transition between eigenfunctions on X and Y is 
most efficiently described using the techniques from representation theory. To fix the notation let 
(7r,W) denote an admissible Hilbcrt representation of G with finite length. We write Ti,^ for the 
space of isT -fixed vectors and {TL~°°)^ for the space of ff-fixed distribution vectors of tt. Using 
the method of analytic continuation of representations as developed in [KSOla] we establish a 
bijection 

where C {H~°°)^ denotes the subspace characterized through the property that 

associated matrix coefficients on Y extend holomorphically to (cf. Theorem 2.1.3, Theorem 
2.2 A). This bijection and various ramifications are the subject proper of Section 2. 

In Section 3 we give an application of our theory towards the geometric realization of the 
most-continuous spectrum L'^iY)^^ of L'^iY). First progress in this direction was achieved in 
[GKOOl]. There, for the cases where S = S//, we defined a Hardy space 7i^(S) on S and 
showed that there is an isometric boundary value mapping realizing Ti?{E) as a multiplicity one 
subspace of L'^iY)^c of full spectrum. It was an open problem how to define Hardy spaces for 
general NCC symmetric spaces Y and to determine the Planchercl measure explicitely. We solve 
this problem by giving a spectral definition of the Hardy space, i.e., we take the conjectured 
Plancherel measure and define a Hilbert space of holomorphic functions W^(Sjy) on Eh ■ The 
identification of 7i^(Sff) as a Hardy space then follows by establishing an isometric boundary 
value mapping b-.Ti^iEn) ^ L'^{G/H)^c- In particular we achieve a geometric realization of a 
multiplicity free subspace of i^(y)mc in holomorphic functions. 

It is our pleasure to thank the referee for his very careful work. He pointed out many 
inaccuracies and made useful remarks on the presentation of the paper. 



1. Complex crowns and the domains Eh 

The purpose of this section is to give the geometric preliminaries of the analytical constructions 
to come. Our two main players are a Riemannian symmetric space G/K on the one hand side 
and on the other hand a non-compactly causal symmetric space G/H . The two symmetric spaces 
G/K and G/H are "connected" through a complex G-invariant domain Eh Q Gc/Kc in the 
following way: G/K is a totally real submanifold and G/H constitutes the distinguished (Shilov) 
boundary of Eh ■ The domain Eh constructed in this section is an appropriate subdomain of 
the complex crown E of the Riemannian symmetric space G/K . 

This section is organized as follows. We start by briefly recalling the deflntion and some 
standard features of non-compactly causal symmetric spaces . Then we switch to complex crowns 
E and summarize the main rcsidts of [GK02a] on how to realize G/H in the distinguished 
boundary of E . Finally we give the construction of the domain Eh ■ 
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1.1. Non-compactly causal symmetric spaces (NCC) 

In this subsection we recall some facts on non-compactly causal symmetric spaces. The material 
is standard and can be found in the monograph [H096] . 

Let G be a connected semisimple Lie group and q be its Lie algebra. Denote by gc = 0<8)rC 
the complexification of g. If ^ is a subalgebra of g , then we denote by the complex subalgebra 
of gc generated by f) . We assume that G is contained in a complex group Gc with Lie algebra 

gc- 

If (t: G — > G is an involution, then, by abuse of notation, we use the same letter for the 
derived involution on the Lie algebra g and its complex linear extension to gc ■ 

Let 6*: G ^ G be a Cartan involution and denote by if < G the corresponding maximal 
compact subgroup. Let t = {X G g: e{X) = X} and p = {X e fl: 6{X) = -X} . Then « is the 
Lie algebra of K . 

In the sequel we let r denote an involution on G which we may assume to commute with 
6. Let G"^ := {g G G:T{g) = g} and let H be an open subgroup of G"^. Then G/H is called a 
symm,6tric spaces. On the Lie algebra level t induces a splitting = f) + q with f) the +1 and 
q the — 1-eigenspace of r. Notice that f) is the Lie algebra of H. The pair {g,i)) is called a 
symmetric pair. We have, as 9 and r commute: 

g = t + p 

= f3 + q 

= 8 n f) + 1 n q + p n f) + p n q 

The symmetric pair (g, f)) is called irreducible if the only r-invariant ideals in g are 
the trivial ones, {0} and g. In this case either g is simple or g ~ ^ ® ^, with I) simple, 
and t(X,Y) = {y,X) the flip. We say that the symmetric space G/H is irreducible if the 
corresponding symmetric pair {g,i)) is irreducible. 

Let ^ G C g be an open subset of g . Then G is said to be hyperbolic if for all X e G 
the map a,d{X) : g^ g is semisimple with real eigenvalues. 

Definition 1.1.1. (NCC) Assume that G/H is an irreducible symmetric space. Then the 
following two conditions are equivalent: 

(a) There exists a non-empty if -invariant open hyperbolic convex cone G C q which contains 
no aflane lines; 

(b) There exists an element Tq e q fl p , Tq ^0, which is fixed by H nK . 

If one of those equivalent conditions are satisfied, then G/H is called non-compactly causal, 
or NCC for short. ■ 



Remark 1.1.2. (a) The element Tq in Definition 1.1.1 is unique up to multiplication by scalar. 
We can normalize To such that ad(To) has spectrum {0, 1, —1}. The eigenspace corresponding 
to is exactly 0^'" = enf)-|-pnq. 

(b) If G/H is NCC and a C p n q is maximal abelian, then Tq € o by (a). Hence, again by (a), 
it follows that a is also maximal abelian in p and in q . 

(c) Let To be as above. Then the interior of the convex hull of M"*" Ad{H)To is a minimal, 

H-invariant open hyperbolic convex cone in q. 

(d) All the NCC pairs {g, f)) are classified and we refer to [H096, Th. 3.2.8] for the complete 
list. ■ 
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1.2. The complex crown of a Riemannian symmetric space 



The NCC spaces are exactly the affine symmetric spaces that can be reaUzed as a symmetric 
subspace in the distinguished boundary of the complex crown S of the Riemannian symmetric 
space G/K . We will therefore recall some basic facts about S. We refer to [GK02a] and [GK02b] 
as a standard source. 

Let the notation be as in Subsection 1.1. Let a C p be a maximal abelian subalgebra. For 
a e a* let = {X e g: (V7? € o) [H, X] = a{H)X} and let E := {a e 0*: a ^ 0, fl" 9^ {0}} be 
the corresponding set of restricted roots. 

Following [AG90] we define a bounded convex subset of a by 



Denote by the analytic subgroup of Gc with Lie algebra tc . Then we define a G — Kc 
double coset domain in Gc by 

S = Gexp{iQ.)Kc 
and recall that S is open in Gc [KSOla]. In particular the domain 

S = 5/i^c 

is an open G-invariant subset of Gc/Kc containing G/K as a totally real submanifold. We 
refer to S as the complex crown of the Riemannian symmetric space G/K (cf. [AG90]). Observe 
that the definition of S and S is independent of the choice of C p . For a subset a; C we 
define a tube domain in Ac = exp(ac) by 



Write A^c for the analytic subgroup of Gc with Lie algebra nc • Then it follows from [GK02b] 
that 



n = {X Ga: (Va e E) |a(X)| < -} . 



T{u)) = Aexp{iui) 



and notice that T(2f2) is biholomorphic to a + i2n via the exponential map. 
Fix a positive system E+ of S and define a subalgebra n of g by 



n= 0' 



aeE+ 



(1.2.1) 



S C NcT{fl)Kc 



or even more precisely 



(1.2.2) 




geG 







where the subscript denotes the connected component of [•] containing G. 
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1.3. The distinguished boundary of S 

Write H and 9S for the closure respectively the boundary of S in Gc/Kc- The distinguished 
boundary of E! is a certain finite union of G-orbits in dE which features many properties of 
a Shilov boundary. It was introduced and investigated in [GK02a] and the objective of this 
subsection is to recall its definition and basic properties. 

Let W = N k{(^) / Z k{(^) be the Weyl group of a in G. Write ^ for the closure of ^ and 
notice that O is a W-invariant compact convex set. Denote by the set of extreme points of 
f2. Then there exists Xi, . . . , X„ & such that 

aefi = w(Xi)n...nw(x„) . 

Define the distinguished boundary of S in Gc / by 

ddE:= G exp{ideil.)Kc/ Kc ■ 

We refer to [GK02a] for detailed information about d^E and recall here only the facts that we 
need. 

For 1 < i < n let zj: = exp{iXj)Kc S ddE. If Gc is not simply connected it can happen 

that G{zj) = G{zk) for some j ^ k. But after relabelling the zj we can assume that there is an 
m < n such that G{zj) ^ G{zk) for I < j,k < m, j ^ k, and 

daE = G{z^)U...UG{zm) ■ 
Denote by Hj the isotropy subgroup of G in Zj . Then as G -spaces we have 

ddE = G/Hi U...U G/Hra . 

As a consequence of the complete classification of ddE in [GK02a] we obtain the following fact. 

Proposition 1.3.1. For the distinguished boundary ddE of S the following assertions hold: 

(i) // one of the boundary components G/Hj of is a symmetric space, then it is a non- 
compactly causal symmetric space. 

(ii) Every non-compactly causal symmetric space of the form G/H is locally isomorphic to a 
G -orbit in the distinguished boundary of 9^5 o/ H. ■ 



1.4. The domains 

We keep the notation from Subsections 1.2 - 1.3. From now on we fix an element Xu £ and 
set Xu = exp(iXH) , -Zh = Xt^Kc . As the notation suggests we denote hy H < G the stabilizer of 
Zh e ddE in G. 

For the rest of this paper we will employ the following assumptions: Gc is simply connected 
and G/H ~ G{zh) is an NCC symmetric space (cf. Proposition 1.3.1). Notice that this implies 
in particular H = G^. Recall the element Tq from Definition 1.1.1 and notice that we have (up 
to sign) XH = fTo. 

We define a domain Oh C O by 



OH = int(conv{>V(XH)}) 
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Here conv{-} denotes the convex hull of {•} and int(-) denotes the interior of (•). Prom the 
definition we immediately obtain that: 

(1.4.1) is open in a. 

(1.4.2) G (because ^ and W{X^) meets every Weyl chamber). 

(1.4.3) The set of extremal points of TT^ is W{X^). 

Let us illustrate the geometry for one example. 

Example 1.4.1. Let G = SI(3,R). Then o is two-dimensional and S is a root system of type 
A2. We have = >V(Xi) 11 yV{X2) and the corresponding isotropy subgroups are given by 
Hi = S0(l,2) and H2 = S0(2, 1). With H = Hi the geometry of 0, and Qr is depicted as 
follows: 




Let us define a domain ^ Gel Kc by 

= Gexp{i^lH)Kc/Kc • 
The domain Eh has the following properties: 

(1.4.4) Eh is G-invariant (clear from the definition). 

(1.4.5) Eh is open in Gc/Kc (follows from (1.4.1) and [AG90]). 

(1.4.6) G/K C is a totally real submanifold (follows from (1.4.2) and (1.4.5)). 

(1.4.7) Eh is Stein (follows from the convexity of and [GK02b]). 

(1.4.8) EhCE (because Oh C O). 

(1.4.9) Sjj = S iff S is of type C„ (cf. [KSOlb]). 

Write Eh for the closure of Eh in Gc/Kc and define the distinguished boundary of Eh by 

ddEn = G{zh) . 

Notice that ddEn — G/H as G-spaces. Let us remark further that ddEn C ddE. 
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The distinguished boundary dd^^H of 'Eh can be considered as some sort of Shilov boundary 
of Eh ■ More precisely, mimicking the argument in [GK02a, Th. 2.3] we obtain that 

(1-4.10) sup.^H, 1/(^)1 = sup.ea.H^i 1/(^)1 

for all bounded holomorphic functions / on Eh which continuously extend to Eh ■ 



2. Holomorphic il-spherical distributions 

In the section we assume that G/H is NCC symmetric space realized as G{zTi) in the distin- 
guished boundary of E. 

Recall that a representation (tt, V) of G is called admissible if the multiplicity of each 
A'-typc is finite and of finite length if the associated Harish-Chandra module of /C-finite vectors 
Vk is of finite length. Our aim in this seetion is to assoeiate to a non-zero if-fixed vector in 
an admissible representation (tt, V) of finite length a certain canonical if -spherical distribution 
vector Uh S {V~°°)^ . For irreducible representations tt the vector v^^ is unique in the sense 
that it allows analytic continuation of generalized matrix coefficients on G/H to holomorphic 
functions on Eh ■ 

We let Xh, Xh , and be as in the last subsection and recall that x:^^^H<cXii — K<c ■ 

General Remark: In all results of this section which involve the domain Eh one can replace 
Eh by the bigger domain E. This holds in particular for the results in Subsection 2.2. 



2.1. The definition of the holomorphic if -spherical distribution vector 

Before we discuss the general case let us assume for the moment that V is irreducible and finite 
dimensional. Then (tt, V) extends to a holomorphic representation of Gc which we also denote 
by (tt, y). If L < G is a subgroup of G then we write for the subspace of V fixed by L. 
Then the mapping 

V", Vk ^ Vh- = 'Jt{Xh)Vk 

sets up an isomorphism between the iT -spherical and if -spherical vectors of V . The obvious 
problem in the general case is, that 7r(a;H)'i' is not necessarily defined as an element in V . 

We are now going to develop an appropriate generalization of the mapping Vk i— » Vh for 
an admissible finite length representation {n,H) of G in a Hilbert space H. Denote by 
respectively Ti" the space of smooth respectively analytic vectors in H . Their strong anti-duals, 
i.e., the space of continuous conjugate linear maps into C, are denoted by H~°° respectively 
H~" and referred to as the G-modules of distribution vectors, respectively hyperfunction vectors 
of (tTjTY). Notice the chain of continuous inclusions ^ TC°° ^ Ti ^ 0,"°° ^ Ti^^ . Here 
the inclusion H ^ 'H~°° is the natural one, v i-^ (u {v,u)). We will also use the notation 
u {v, u) for V e . Define a representation tt*' of G on W by 

{TT°{g)v,u) = {TT{g~^)*v,u) 
= {v,iT{g )u) 

Hence the natural representation 7r^°° of G on is an extension of the representation tt'^ 

on H to Tl~°° . The representation 7r° is called the conjugate dual representation of tt. Notice 
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that (tt^, W) is admissible and of finite length if and only if the same holds for (tt, H) . Note also 
that TT = tt" if and only if it is unitary. Notice that if m, w € W then {v, u) = {u, v) . Accordingly, 
if M G T-L°° and v S , then we write 



{u,v) := {v,u} . 

Denote by Hk the (g, K) -module of ii'-finite vectors in H. Note that by our assumption 
that H is admissible and of finite length it follows that Hk Q 'H^ . But usually we cannot find 
-fixed vectors in H but only in the larger space of distribution vectors. Another complication 
arises as the space of {H~°°)^ of ff-invariants in H~°° is finite dimensional but in general not 
one-dimensional. For "generic" principal series representations of G one has 

dim{H-°^)" = \W/Wo\ 

with yVo = NKnH{a)/ZKnH{cC) the little Weyl group. Our correspondence will be that we 
associate to a -fixed vector v^^ a unique if -fixed distribution vector Vu- If tt is irreducible, 
then this distribution Vh is the (up to scalar) unique element of for which generalized 

matrix coefficients extend to holomorphic functions from G/H to S. For the proof we will 
need the following Automatic Continuity Theorem of van den Ban, Brylinski and Delorme (c.f. 
[vdBD88, Th. 2.1] and [BD92, Th. 1] for the version used here). 

If is a complex vector space, then let us denote by V* its algebraic anti-dual. Set 

(-^-oo-jf, = {y (z^-o<.. (yx (Z if)dTr-°°{X)v = 0}. 

Theorem 2.1.1. (Automatic Continuity) Let (tt, W) be an admissible representation of G 
with finite length. Then 

(2.1.1) {n-°°)"° ~ {Wk)^ , 

meaning every I) -fixed anti-linear functional on Hk admits a unique extension to a continuous 
and Hq -fixed anti-linear functional on . In particular we have that 

(2.1.2) {n-°" f° ~ {H~'^)"° . 

m 

Recall the G — Kc double coset domain 5 = G exp{iil)Kc in Gc and the complex crown 
S = E/Kc- Our methods use holomorphic extensions of representations. We recall therefore 
some results from [KSOla] §4 and in particular Theorem 3.1: 

Theorem 2.1.2. Let {n^H) be an admissible Hilbert representation of G with finite length. 
Then the following assertions hold: 

(i) For every v G Hk the orbit mapping G ^ H, g ^ T^{g)v extends to a G -equivariant 
holomorphic mapping !B — > W . 

(ii) Let v,w Hk ■ Then the restricted matrix coefficient ^ — > C, a {T:{a)v,w) extends to 
a holomorphic mapping to the abelian tube domain T{2Q) = Acxp(2iQ) . ■ 

We will from now on assume that tt \k is unitary. This is no restriction in view of Weyl's 
unitarity trick. 

As before we identify G/H with the subset G'(2h) of Sjj. For < t < 1 we set 
at = exp{itXii) € exp(«f2) and notice that limt^i at = Xh- 
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Theorem 2.1.3. Let (tt, W) be a K -spherical admissible representation of G with finite 
length. Let vk € be non-zero. Then the anti-linear functional 

ty"l 

is well defined, non-zero and admits a non-trivial extension to an H -fixed distribution vector of 
(7r,W). ■ 

Note: If {tTjH) is unitary, then 7r^{at) = 7r(at) and so v'^{v) = \imtyi{TT{at)vK,v) for all 

Proof. Wc first show that is well defined. Let v G . As w is analytic, we find an 
< £ < 1 such that 7T{ae)v is defined. Notice that 7r°(ai_e)vK is defined by Theorem 2.1.2 (i). 
Then we have for all £ < f < 1 that 

{■JT^{at)VK,v) = {■JT^{at-e)VK,TT{as)v) 

and hence 

lim{Tr°{at)vK,v) = {TT^{ai-e)vK,7T{ae)v) . 

Thus is defined. 

Next wc show that v'^ is fixed by H. As G/H is NCC, it follows that H = HoZHnK{a) 
[H096, p. 79]. Further it is clear from the definition that ii^it is fixed by ZHnK{a)- Hence it is 
enough to prove that is ifo -fixed, i.e. annihilated by f). For that let F € f) and v G H'^ . 
Then 

v^{dTr{Y)v) = Yim{TT°{at)vK,dn{Y)v) = -yim{dn°{Y)n°{at)vK,v) 
= -\im{Tr'>{ac)dn"iAd{at)-^Y)v^,v) 
= -\iin{Tr''{at-e)dTT°{Ad{at)-^Y)v^,TT{ae)v) . 
From Theorem 2.1.2 (i) we now obtain that 

7r°(at_e)d7r°(Ad(at)-iy)t;K ^ n\ai-,)d-K''{AA{x^)-^Y)v^ . 
But Ad(a;H)"^F e fie and hence dn° {Kd{x^)-'^Y)vy, = 0. We thus get: 

v'^{dTT{Y)v) = - lim{Tr°{at-e)dTr°{Ad{at)-^Y)v^,Tr{a,)v) 

= -(7rO(ai_e)rf7rO(Ad(a;H)-'r)uK,7r(ae» 
= 0. 

Finally, let us show that ^ . Suppose the contrary, i.e. =0. Then it follows that 

(2.1.3) {VueHK) «,u)=0. 

Now consider the function 

f:M. + i]-2,2[->C, z (7r"(cxp(zXH))wK,WK) • 

According to Theorem 2.1.2 (ii) the function / is well defined and holomorphic. It is clear that 
/ ^ as /(O) = (^;k,^^k) > 0. But (2.1.3) implies that /(")(«) = for all n e No ; a contradiction 
to/^0. ■ 

In the sequel we write Va for the H -fixcxl distribution vector obtained from • We will 
call Vn the holomorphic H -spherical distribution vector of (tt, Ti.) corresponding to Uk • 
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Remetrk 2.1.4. By Theorem 2.1.3 we have 

v'^ =w - lim7r°(af)i;K, 
tyi 

i.e. w„ is the weak hmit of 7r^{at)vK for t — > 1 in the locally convex space H^'^ . It is possible 
to strengthen this convergence: Let v G Ti.'^ and C C G a compact subset. Then for all £ > 
there exists < s < 1 such that for all < s < t < 1 : 



(2.1.4) sup \ ^ i9)v) - {T^°iatW,TT{g)v)\ <e . 

In fact this follows from a simple modification of the first part of the proof of Theorem 2.1.3: we 
only have to observe that for v G Ti."^ there exists a < (5 < 1 such that iT{as)'K{g)v exists for 
all geC. 

Supported by calculations in the rank one case wc conjecture that one actually has 
7i'(at)i'K Vyi in weakly (and hence strongly by the Banach-Steinhaus Theorem which 

applies as is a Prechet space ). ■ 

Let us illustrate the situation by the discussion of one example. 

Example 2.1.5. Here we will determine an explicit analytic description of for unitary 
principal series of G = S1(2,R). Let {'k\,'H\) denote a unitary spherical principal series of G 

with parameter A G ia* . Then tt^ = tta as tt\ is unitary. In the sequel we will identify with 
C in such a way that p G a* corresponds to 1 . With our choice of a to be 

'^=tU -.'^^^ 

this identification is given by 

1 



-1 



Wc will use the noncompact realization of Tlx = L^(IR.) of ttx . Then for 5 = ( ^ rf ^ ^ ^ 



the operator i^xig) is given by 

{'Kx{g)f){x) = \bx + d\-'-^f ) (/ e L\m),xe 

A normalized if -spherical vector is then given by 



^;K(x) = ^(l+a;2)-5(i+^) . 



Notice that H S0(1, 1) and (up to sign) we have X^ = \ ^ ] . Thus for < i < 1 



the element at G exp(ifi) is given by 

'f* 



4 



at 

Then we have 







w- lim iTx{at)vK 
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or _ 



<(a;) = w - lim ^(1 + e'^*x2)-5(i+^) . 

A simple calculation then shows that v'^ and are given by the locally integrable function 



''^(l_a;2)-i(i+A) for|ar|<l, 



v-a{x) = ■\ for \x\ = 1, 



:i£i^(a;2 _ i)-i(i+A) for > 1 . 
A basis of iT^x°°)^ is given by t;H,i,UH, 2 where 

[0 for > 1. 

and 

^ I _^(a;2 _ i)-i(i+A) foi.|2:|>l, 

for \x\ < 1. 



These two basis vectors are chosen such that they have support in the open if -orbits on P^(M) , 
namely ] — 1, 1[ and P^(M)\[— 1, 1] . Notice that Uh is a non-trivial linear combination of v^, 1 
and Wh,2 and that has full support on M. Another interesting feature of this example is that 
we have here 

Uh = w — lim 7rA(at)^K in 

and hence also strongly by the Banach-Steinhaus Theorem (compare with the conjecture stated 
at the end of Remark 2.1.4) . ■ 



2.2. Holomorphic extension of matrix coefflcienst on G/H to 'Eh 

In this subsection we clarify the role of the holomorphic distribution vector Vh in view of 
holomorphic extensions of matrix coefficients from G/H to S. If [/ is a complex manifold, 
then we denote by 0{U) the space of holomorphic functions f : U ^ C. 

Definition 2.2.1. Let / be a continuous function on G/H . Then we say that / has a 
holomorphic extension to Sjj if there exists an / e 0{Eh) such that for all compact subsets 

C C G one has 

(2.2.1) limsupgec 1/(5^^) - ligatKc)] = . 

t/ 1 



Notice that (2.2.1) implies that 

f{gH) = limf{gatKc) 

for all ^ € C Furthermore the holomorphic extensions are unique by the following lemma: 
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Lemma 2.2.2. (Identity Theorem for holomorphic extensions) Let f € C{G/H) and 

assume that f has a holom,orphic extension f G ©(Sf/). Then / = implies / = 0. In 
particular, the holomorphic extension f G C{G/H) is unique if it exists. 

Proof. This is easily reduced to the one-dimensional case as follows. Define an abelian tube 
domain T ^ cx.p(RX^+] - 1,1 [zXh) and set dsT = cxp(MXh + iX^). We realize T C Eh 
and dgT C G/H through the T-orbit , respectively SsT-orbit, through Kc G S/f , respectively 
G G/H . Let / G C{G/H) and assume that / has a holomorphic extension /. Let ^ = f\d,T- 
Then has a holomorphic extension to T given by ^ = / |t • By the well known one-dimensional 
situation we have ^ = if = . Thus if / = , we obtain / |t = . Replacing / by fg where 
fg{xH) = f{gxH) for g G G, then the above discussion implies that / \gt = and hence / = 
as GT contains the totally real submanifold G/K of Eh ■ ■ 

We assume that the complex conjugation gc — > 0c, X X with respect to the real form 
g of gc lifts to a conjugation (/ ^ of Gc ■ Notice that this is always satisfied if Gc is the 
universal complexification of G . Notice also that x £E for all x &E. Let u,v & Hk ■ Then the 
functions _ 

S 9 a; I— > {tt'^ {x)u, v) , {u,'!t{x~^)v) G C 

are well defined and holomorphic by Theorem 2.1.2. Both of them agree if a; G G and hence they 
agree on all of E . 

Proposition 2.2.3. Let (7r,7i) be a admissible K -spherical representation of G with finite 
length. Let v G Ti'^ . Then the following assertions hold: 

(i) The matrix coefficient 

: G/H ^ C, gH^ {7T{g~')v, v^) 
admits a holomorphic extension fv,VH ■ Moreover, we have 

fv.vnixKc) = {v,Tr^{x)vK) 

for all xKc G Eh ■ 

(ii) The matrix coefficient 

G/H^C, gH ^ {'K\g)v^,v) 
admits a holomorphic extension gvK,v ■ Moreover, we have 

9vn,v{xKc) = {-K°{x)Vk,v) and gvii,v{xKc) = fv^vn^xKc) 

for all xKc G Eh ■ 

Proof. We will only show (i) as the proof for (ii) is the same. By Theorem 2.1.2 (i) it follows 
that _ 

fixKc) = {v,n\x)v^) 

exists and is holomorphic on Eh ■ Let g £ G and <t < 1. Then 

{'7r{g~'^)v,TT°{at)vK) = {v , {gat)vK) = f{gatKc) ■ 
Taking the limit at f — > 1 and using the remarks just before (2.1.4) it follows that 

liin figatKc) = (7r(5"^)u, Uh) 



and the convergence is uniform on compact subsets in G. 
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Denote by C the space of iJ-invariant distribution vectors 77 such that 

the function 

G/ H 3 X ^ grj.v{x) ■= (7r°(x)?7, i;) 
has a holomorphic extension to Eh for aU v € H'^ . Notice that for 3 e G and x € Eh we have 

(2.2.2) 9nMg)vix) = 9ri,vig~^x) . 

Our next task is to prove a converse of Proposition 2.2.3, namely that the map 

is an isomorphism. In particular only the if -invariant distribution vectors constructed in Theo- 
rem 2.1.3 have holomorphic extension. Thus if dimTi^ = 1, as in the case of the principal scries 
representations of G, the space is also one-dimensional, i.e., there is (up to scalar) a 

unique if -spherical distribution vector which allows holomorphic extension of the smooth matrix 
coefficients. 

As before we consider the pairing 

{H-n" X ^ C^{G/H), {r],v) ^ gr,y, 9r,A9H) = {-k^qM . 

Theorem 2.2.4. Let (tt, H) be an admissible representation of G with finite length. Then 
the map 

is a linear isomorphism. 

Proof. It follows from Theorem 2.1.3 that Ti.^ 3 1-^ E (^ °^)hoi ^^^^ defined and 
injective. It is also clear that the map is linear. It remains to show that the map is onto. For 
that let 7] e (W~°°)^j. Define a conjugate linear map rj : Hk ^ C by 

= gn,u{Kc) ■ 

Then it follows from (2.2.2) that rj is X -invariant. Thus we find a unique Vk € 'Hk such that 
rj{u) = {vk, u) for all u G TLk ■ In particular, it follows that 

(2.2.3) (Vu e Hk) 5r,,«(^c) = 5.h,«(^c) . 

Fix w e Hk- We claim that g^^w — gva,w In fact, it follows from (2.2.2) and (2.2.3) that 
all derivatives of gn^w and gvH,w coincide at Kc S Eh . Thus gr,,w = gvs,w by Taylor's Theorem. 
It follows from our claim that gn,w = gvH,w for all w G Hk- In particular, we obtain that 

(Vw e Hk) (v, w) = gr,,w{H) = gy„^yj{H) = {v^, w) , 

and so rj = Vh, concluding the proof of the theorem. ■ 

Corollary 2.2.5. (Multiplicity one) Let {n,H) be an irreducible K -spherical Hilbert 

representation of G . Then dim(7i^°")^[ — 1. 

Proof. According to [H84, Ch. IV, Th. 4.5(in)] we have that dimH^ = 1. Thus the assertion 
follows from Theorem 2.2.4. ■ 
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2.3. Distributional characters and boundary values 

Denote by dg and dh Haar measures on G and H . Notice that both G and H are unimodular 
and hence a left Haar measure is also a right Haar measure. Denote by dgH a invariant measure 
on G/H , which we will normalize in a moment. Recall that the mapping 

G^{G)^C^{G/H), f^f"-,f"{xH)^[ f{xh)dh 

Jh 

is continuous and onto. We will normalize the measure dgH in such a way that 

/ fig) dg= [ f"{gH) dgH 
Jg Jg/h 

holds for all / e Cc{G). 

In this section (tt, Ti) will denote a unitary admissible representation representation of G 
with finite length. Further we will assume that ^ {0}. Notice that tt unitary implies 
7r = 7rO. 

For / e G^{G) let us recall the mollifying property: 7r(/)7Y^°^ C . Thus the mapping 

is well defined. It is known that = 67r,i;H is a iJ-bi- invariant positive definite distribution on 

G. The _ff-bi-invariance implies that 8,r(./) does only depend on f^. We can therefore define 
a -invariant distribution on G/H , also denoted by Qt^, by 

e.(/^) = e,(/). 

On the other hand we notice that 7r(x)uK S for all x G Gexp{iQH)Kc and hence 

X 1-^ {v-a, n{x)vj^) descends to a well defined and anti-holomorphic function on ■ Here Wk and 
Vh correspond to each other according to Theorem 2.2.4. We can therefore define the holomorphic 
function 0^ = B^^y^ : Eh — > C by 

9t,{xKc) = {vH,'7r{x)vK) = {■K{x)vK-,Vn) . 
Then is left iJ -invariant. 

Our next aim is to show that 6^ is given by the limit operation and convolution: 

64/) = hm / figH) 6^9^ dgH 

J G/H 

for suitable regular functions / . 

As we have only established the convergence -K{at)v-K Vh in H~'^ and not in H~°° , we 
cannot work with test-functions but must use an appropriate space of analytic vectors. For that 
let us write L^(G)'^''^ for the space of analytic vectors for the left-right regular representation 
of G X G on L^{G). Notice that L^(G)'^''^ is an algebra under convolution which is invariant 
under the natural involution / /* with f*{x) = f{x~^). Its importance lies in the fact that 
TT{f)n-'^ C W holds for ah / e L^{G)'^''^ (cf. Proposition A.4.1 in the appendix). 

Write L^{G/H)'^ for the space of analytic vectors for the left regular representation of G 
on L^{G/H) . According to Proposition A. 3. 2 below, the averaging map / maps L^(G)'^''^ 

into L^{G/HY . Finally let us define the space: 

A^{G/H) = if" e L\G/HY I / e Li(G)"''"} . 

Prom our discussion above we conclude that the mapping 

e-:Li(G)-'-^C, /^(7r(/)^;„,t;„) 

is well defined and H bi-invariant. In particular 0^(/) depends only on and therefore 
factors to A^{G/H) . We denote the corresponding map again by 8^ . 



Holomorphic -ff -spherical distribution vectors 15 

Theorem 2.3.1. Let (tt, W) be an unitary admissible representation of G of finite length with 
^ {0} . Let e . Then 

(V/ G A'iG/H)) e^if) = lim / figH) e^i^W) dgH . 

Proof. Let F € L^{G)'^-'^ be such that f = F" . As TT{F)vn e (cf. Proposition A.4.1), it 
follows from Theorem 2.1.3 that 

e-(F) = lim(7r(F)^;„,7r(atK) • 



Thus: 



(2.3.1) 



e-(i?) = lim(t;H, / F{g-^)TT{g)T:{at)v^ dg) 
*/ 1 Jg 

= lim / F{g~'^) {va,-K{g)Tr{at)vK) dg 

= lim / F{g) {Vii,iT{g~^)Tr{at)vK} dg 
*y^'^JG 

= hm / F{g) e^g-^at) dg . 

t-^^JG 



Fix < t < 1. We claim that g i— > 9„{g ^at) is a bounded function on G. Indeed, for 51 e G 

we have 

\dw{9~^at)\ = \{'!^{9~^at)vj^,Vj^)\ = \{'JT{at)vK,iT{g)v^)\ 
< \\Tr{at)v^\\ ■ \\iT{g)vK\\ < ||7r(at)t;K|| • ||wk|| 

and our claim follows from ||7r(at)wK|| < 00. Combining (2.3.1) with our claim then yields 

e-(F) = hm / Fig) OAtW) dg 
*/ 1 Jg 

= hm / f{gH) e^{g-^at) dgH , 
^'^^Jg/h 

completing the proof of the theorem. ■ 
We finish this subsection by the following simple remark. 

Lemma 2.3.2. Suppose that it is irreducible. Then Gtt is an eigendistribution of the algebra 
I}{G/H) of invariant differential operators on G/H. 

Proof. Recall the surjcctivc homomorphisms ^(flc)'' ^{G/H) and U{Qcf ^ ©(G/ii'). 
We have x~^Hcx^ = Kc. Hence, Ad(a;~^) defines an isomorphism 

Adix-'y.Uigc)" ^U{gc)'. 

In order to prove the lemma it is sufficient to show that Vu is an eigenvector for each 
dn^iu), uGUiQc)^. 

Notice that for each u G U{gc)^ there exists a constant c{u) such that dTr°{u)vK = c{u)vh ■ 
For u G U{gc)'^ we now obtain that 
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dTr°(u)vH = lim d7r°(u)7r°(at)uK 
tyi 



lim n°{at){d'K°{Ad{at^)u)vy, 
lim 7r° (ot ) (rf7r° ( Ad (xh ) " ^ u)t;K 

t/^ 1 



This completes the proof of the lemma. 



2.4. Principal series representations 

In this section we consider the case where ir = ttx is a spherical principal series representation. 
In particular we will be discuss the dependence of Vh on the spectral parameter A . 

Let us first recall some well known facts about the principal series representations. For 
a G S let rria — dimg" and p: = 5 X]aes+ "^^aO:. Write M = Zk{<^) and denote by k:G^K 
and a:G^A the projections onto K, resp. A, associated to the^Iwasawa decomposition 
G = NAK . Note that a and k have unique holomorphic extension to S also denoted by a and 
K (cf. (1.2.1) and [KSOla]). As we are assuming that G C Gc with Gc simply connected and 
H = G'' ,we have M = Zh{A) . In particular M CHtlK. 

Define a minimal parabolic subgroup of G by Pmin = MAN . For A € let 

2?A = {/ G C°^{G): (V5 e G){yman e P) f{mang) = a^-^fig)} . 

The group G acts on Vx by right translation. Denote the corresponding representation by , 
i.e., T^x'{g)f{x) = J{xg) . Denote by TL\ the completion of Vx in the norm corresponding to the 
inner product 

Jk 

Then tt^ extends to a representation nx of G in TLx- We refer to {TLx,t^\) as the spherical 
principal series representation of G with parameter A. The principal series representations 
(ttajTYa) are admissible and of finite length; they arc irreducible for generic parameters A and 
unitary if A G ia* . It is also well known that Hx' = excusing our above notation tt^ . 

The restriction map 9 / i— * / | if € L'^{K) is injective by the left A/'A-covariance 
of /. Furthermore / | ^ is left M -invariant. Hence the restriction map defines an isometry 
Hx ^ L'^{M\K). On the other hand if i^^ G L^{M\K) then we can define / G Ha by 
f{nak) = aP-^F{Mk). Hence TLx ^ L'^{M\K). In this realizat ion we have 

[tta (<?)/] (Mfc) = a{kgY-^f{MK{kg)) . 

Hence the Hilbert space is the same for all A but the formula for the representation depends on A . 
Notice that for fc G JsT this simplifies to {■Kx{k)f){Mx) = jijVlxk). We write Hx = V-(M\K) 
to indicate the role of 1?{M\K) as the representation space for tta and call it the compact 
realization of ttx- As a consequence of this discussion, we see that Vk,a = 1m\a: is a normalized 
K-fixed vector in Hx and in fact Hx = Cvk,x- We write Wh,a and v'^ ^ instead of Vh and w„ 
to indicate the dependence of A . 

We have 7r° = tt 3- . Thus in the compact realization we have 



(2.4.1) 



[7r^(ot)vK,A](Mfc) =a(fcat) 
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for all < t < 1 and so 

(2.4.2) «^,t;) = liin/ a{katy+'^ v{Mk) dMk (veHX). 

Jm\K 

In the sequel it will be importnat that = {M\K) is independent of A . The following 
theorem specifies the dependence of Vh,x on A: 

Theorem 2.4.1. The mapping 

Aea* 

is weakly anti-holomorphic in the sense that for all v G C'^(M\K) the mapping 

Oc^C, Ai-^(wh,^,v) 

is anti-holomorphic. 

Proof. Let v G C'^{M\K). It is convenient to consider v as an M-invariant function on K. 

As V is analytic, there exists an open K x _ftr-invariant neighborhood U of K in Kc such that 
V extends to a holomorphic M-invariant function v on U . 

Let e > 0. Then it follows from the compactness of Ka,. and (1.2) that we can choose 
e > small enough such that K,{Kas) C U. 

Now consider v as an element of W^. We claim that Tr\{ae)v exists. In fact, using our 
introductory remarks, we have 

[■Kx{a,)v]{Mk) = aika.y-^viKika,)) . 
With (2.4.1) we now compute 

{vh,x,v) = {T^x{ai-efvK,x,7rx{ae)v) 

^^■^■^^ = / a{kai-eY^^ ■ a{kae)P-^ ■ v{K{kae)) dMk . 

Jm\k 

By our remarks at the beginning of the proof, we have 

(2.4.4) supkeK \v{K,{ka,))\ < oo . 

Notice that (1.2) implies that both a{Kai-s) and a{Kae) are compact subsets of T{Q.). Thus, 
if C C Oc is a compact subset, then 

(2.4.5) sup;^£(7 sup^gif |a(fcai_£)''"'"'^| < oo, and sup_)^g^supj,g;^ |a(A;ae)''~'^| < oo . 



Therefore, if we use the estimates (2.4.4) and (2.4.5), it follows from (2.4.3) that A ^ {v^^^^v) 
is anti-holomorphic. ■ 
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2.5. Integral representation and asymptotic behaviour of 0- 



■K 



Previously wc have defined a _ff -invariant holomorphic function for unitary representations 
TT . For non-unitary tt we define 6^^ by 

6t,{xKc) = {■jt{x)vk,Vh) {xKc e Eh) ■ 

Clearly, 0^ is a holomorphic function on Eh ■ Moreover, if tt is unitary, then 0^ is fl" -invariant. 

In this subsection we will give an integral representation of the functions 9-,^ for principal 
series represntations n . This will also allow us to read off the asymptotic behaviour of 6^ . 

Recall the definition of the spherical function (p\ of parameter A e by 



It follows from Theorem 2.1.2 that (p\ admits a holomorphic extension to Eh (or Eh if 

wc wish to consider ip\ as a function on G/K). Also (p\ \a extends holomorphically to the tube 
T{2n) = Aex-p{2in) . Notice that Zh G T(2U). All mentioned holomorphic extensions of ipx are 
also denoted by (fx . 

In the sequel we abbreviate and write 9x instead of . The next result is immediate 
from the definitions. Theorem 2.1.2 and the formula (2.4.1). 

Theorem 2.5.1. Let {ttxtHx) be a principal series representation with parameter A e o^- 

Then for all xKc G Eh we have 



for all a G T(0) = Aexp{iQ) . Here ipx denotes the holomorphically extended spherical function 
to T(2n). 

Proof. Let x e Eh ■ Then we have 






hm ipx{atx) . 



Furthermore, 



OxiaKc) = fxixua) 



6x{x) = {ttx{x)vk,Vh) 

= \im{Trx{x)vK,7rx{at)vK) 




But we can also write the third line as 



dx{x) = Vim{-Kx{x)v^,'Kx{o-t)vK) 

t/ 1 

= lim(7rA(ata;)wK, Vk) 

= lim ifxiatx) . 
tyi 



The last statement follows now from Theorem 2.1.2, part (ii). 
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To discuss the asymptotic expansions of 6\ along a positive Weyl chamber we first have 
to recall some facts on the Harish- Chandra expansion of the spherical functions. For that let 
a+ = {X G a: (Va € S+) a{X) > 0} and set A+ = exp(a+). Further we define A = Nop+j. 
If e A, then we define a meromorphic function r^(A) in the parameter A e oj. by ro(A) = 1 
and then recursively by 

2 , 

^t^i^^ = 7 TTx X! "^^ X] ^;'-2fca(M + P- 2fca: - A, a) . 

' aeE+ feeN 

Wc call A G ajj. generic if rp(-) is holomorphic at A for all fj, G A. For generic A e 0^ we define 
the Harish-Chandra $ -function on by 

^x{a)=a^-fJ2^^{X)a-^^ [a e A+) . 

This series is locally absolutely convergent. In particular, we see that extends to a holomor- 
phic function on exp(2ir2) C Ac which we also denote by ^\ . Finally, with c(A) the familiar 
Harish-Chandra c-function on G/K , we have for all generic parameters A € that 

V'A(a) = J2 c(wA)4>^A(a) (a e A+) . 
wew 

Combining these facts with Theorem 2.5.1 we now obtain that: 

Theorem 2.5.2. Let A G be a generic parameter. Then the following assertions hold. 

(i) For a G exp(ifi) we have 

w&W 

(ii) Suppose that (Re A, a) > for all a e S+ . Fix Y £ a+. Then 

lim e*'^P-^'^^^^9x{exp{tY)Kc) = c(A) • z^'P . 



2.6. if -orbit coefficients of the holomorphic distribution vector 

As we have remarked already earlier the space {'Hx°°)^ has dimension iW/Wol for generic A. 
One can parametrize {'H^°°)^ through the open -orbits in the flag manifold Pmin\G. These 
orbits haven been parametrized by Rossmann and Matsuki (cf. [M79]); they are given by 

P^inwH {w € W/Wo) . 

For A e Oc and w G W/Wo define a right fl" -invariant function on G by 

^ (-^^ _ J 0^+"^ for X = manwh G MANwH 
I otherwise . 

For Ago* wc will use the notation A << if (A, a) << for all a E E+ . Then it is known 
that for A << the functions rjx^w are continuous and define -fixed distribution vectors of nx 
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[087]. Moreover, the distributions r/A,w admit continuation in A to a weakly anti-meromorphic 
function on 0^ . For generic A e we have 

wew/Wo 

and the mapping 

weW/Wa 

is a bijection for generic A, weakly anti-meromorphic in A [vdB88]. For A << the inverse of 
jx is given by the evaluation mapping 

On the other hand we know that the weakly holomorphic distribution vector Vu,;, depends 
weakly anti-holomorphically on A e 0^ (cf. Theorem 2.4.1). The next theorem gives us the 

coefficients of Wh,a in terms of the basis {ri\,w) of {Ti.^°°)^ . Wc note that for A << the 
distribution Vh,), is given through the bounded measurable function 

(2.6.1) Vn Ak) = lim a(A:at)''+^ . 

Theorem 2.6.1. For generic parameters A e oj- we have 

Vh,x — / ^ Zu 'IX,w ■ 

Proof. For A e generic write 

■f^HjX = ^ ^ Cx,w ■ "HXjW 

wew/Wo 

for the basis expansion. As the coefficients cx,w depend weakly anti-meromorphically on A , it is 
sufficient to show that cx,w = Zh ^^"""^^ for A << 0. Then (2.6.1) implies that 

cx,w = Vh{w) = \imvH,x{wat) = a{wzu)''~^'^ = z^ '^'''^^^ , 

as was to be shown. ■ 

Remark 2.6.2. Let us go back to Example 2.1.5 for G = S1(2,M). Here Wo = {1} and 
so >V/Wo = {'i-,w} where w is the non-trivial element in the Weyl group which acts by 
multiplication by —1. The distributions Vh,i and Vh,2 from Example 2.1.5 are given in the 
above notation by 

^^.1 = Vx,i and Vh,^ = r]x,w ■ 
In Example 2.1.5 we did show that 

As Zh^^ = (^"'"'^^ , we hence see that the above formula is a special case of Theorem 2.6.1. ■ 
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2.7. Transformation under the intertwining matrix 

For w gW and A e 0^ generic we have an intertwining operator 

Notice that the Hilbert space H\ is independent of A because we use the compact realzation. We 
can therefore speak about meromorphic maps from aj- into the space of bounded operators from 
Hx into . In this sense it is well known that the map 9 A i-^- A{X, wX) is meromorphic. 
Dualizing, we obtain an anti-meromorphic family of intertwining operators 

A{x,wxr:n-^^n^°° . 

Restricting A{X, wX)* to the space of if -invariant distribution vectors we obtain a linear bijec- 
tion, say 

AH{x,wxr:{n-r)" ^{n-r)" . 

Often one refers to A*jj{X,wX) as the intertwining matrix. In terms of the basic distribution 
vectors {r]w\^w')w' respectively {r]\^w')w' the operator Ah{X,wX)* has an unknown, seemingly 
complicated expression. In this section we will show that the the intertwining matrix maps the 
holomorphic distribution vector Uh,»a to a multiple of Vh,x ■ In order to describe this multiple 
more precisely we need more notations. 

For w e W define a subgroup of iV = 9{N) by 

= Nr\wNw~'^ . 

For ReA << we define functions 

c^(A) = _ ain)"'^ dm, . 

If w = Wo is the longest element in W , then we write c(A) instead of c^u^ (A) and remark that c(A) 
is the familiar Harish- Chandra c-function on G/K . The functions c^(A) admit meromorphic 
continuation to and can be explicitely computed (Gindikin-Karpelevic formula). 

With this notation the intertwinig operators A{X,wX) for A << are defined by 

[A{X,wX)f]{x) = [_ f{nwx) On {fGVx,xGG). 
Jn„ 

Theorem 2.7.1. Assume that A e is generic. Then 

Ah{X, wX)*Va,^x = C^(A) • Vn,x ■ 

Proof. It is well known - and follows immediately from the definition - that A{X, wX)vk^x = 
Cw{X)vk,w\- But then, as A{X,wX)*Vk,wX is if -invariant, we also get 

{A{X,wX)*Vk,wX,Vk,x) = (uk,«,a,^(A,wA)wk,a) 

= {Vk.wX, CwWVk,wx) 

= c^(A) . 
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Noticing that (A) = (A) it follows that 

A{X, wX)*Vk,wX = Cw{X)Vk,X ■ 

Finally, using that A{X,'wX)* is an intertwining operator, we get for a iV' -finite u : 

{AH{X,wX)vH^yjX,u) = {vh,w\,A{X,wX)u) 

= lim{Trl,x{at)vK,w\,A{X,wX)u) 

= lini(i;K,u;A,7r„,A(oi)~^A(A,wA)u) 

= lim(uK,«)A,^(A, ii;A)7rt„A(at)~^u) 
= lim.{A{X,wX)*Vii^ni\,'!T^\iat)~^u) 

t/ 1 

= c^(A) \im{wx{at)v^^x,u) 

t/ 1 

= Cyj(X){VH,X,U) . 

Hence Ah{X, ■u;A)*Wh,™a = Cu,(A) • Wh,a ) as was to be shown. ■ 



2.8. Relation to the horospherical picture 

In this subsection we explain the construction of the holomorphic distribution vector Vh from 
the horospherical point of view. 

Let K e aj. be a complex parameter. We call the holomorphic function 

V'K(nafc) = a" = exp(< fi;,loga >), n e Nc,ae T(r2), fc e Kc 

on E! (see (1.2.1)) the holomorphic horospherical function with parameter k. 

This function can be pushed down to S as a holomorphic locally A^c -invariant function 
Tpii. The function V-'k is a holomorphic extension of the usual horospherical ( W-invariant, A- 
homogeneous) function on G/K , corresponding to spherical principal representations related to 
K. For certain values of the parameter k the function tjj^ has boundary distribution values 
ipK.-H on G/H . To understand the structure of those distributions, let us remark that a Zariski 
open part of G/H is the disjoint union of domains Yj = NAyj where j/i, • • • , j/fe correspond to 
the vertices of SIh (W -equivalent). On each Yj we have an A'' -invariant, ^4 -homogeneous 
distribution with parameter k (such distributions on Yj are unique up to a multiplicative 
constant). 

The function tpi^ can be also pushed down on a domain Dh in NcMc\Gc as a holomorphic 
function 'ijj^ . This function with parameters holomorphically extends if -invariant vectors in the 
principal spherical representations on MN\G . The boundary values of this holomorphic function 
give an iJ-invariant distribution, the domains Yj correspond to the if -orbits on MN\G and 
we have the corresponding decomposition of Vk • 
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3. An application: Hardy spaces for NCC symmetric spaces 

In this section we apply our theory developed in Section 2 to associate to every NCC symmetric 
space G /H a Hardy space H'^CE.h) ■ The Hardy space is a G-invariant Hilbcrt space of holomor- 
phic functions on Eh featuring a boundary value mapping which gives an isometric embedding 
of 'H}{Eh) into the most-continuous spectrum L^{G/H)jnc of L^{G/H). Hence we give a re- 
alization of a part of (G/i?) mc in a space of holomorphic function on Sjj, generalizing and 
extending our previous results from [GKOOl] to all NCC spaces. 

This section is organized as follows: After a brief digression on Hilbert spaces of holomorphic 
functions on Sjf , wc give an adhoc definition of the Hardy space through the spectral measure. 
Then, after recalling the theory of the most-continuous spectrum, wc will show that there is a 
boundary value mapping embedding H^{Eh) isometrically into L^(G/iJ)mc- 



3.1. G-invariant Hilbert spaces of holomorphic functions on Sjy 

In this section we briefly recall the abstract theory of G-invariant Hilbcrt spaces of holomorphic 
functions, specialized to the complex manifold Eh (see also [FT99] and [K99] for the general 
theory). 

In the sequel we will consider 0{Eh) as a Frechet space with the topology of compact 
convergence. We let G act on 0{Eh) by the left regular representation L: 

(3.1.1) {L{g)f){z) = f{g-'z) (g eGJe 0{Eh), z&Eh). 

By a G-invariant Hilbert space of holomorphic functions on Eh we understand a Hilbert space 
H C 0{Eh) such that: 

(IHl) The inclusion H ^ 0{Eh) is continuous. 

(IH2) The Hilbert space H is invariant under L and the the corresponding representation of G 
is unitary. 

It follows from (IHl) that for every z G Eh the point evaluation H ^ C, / f{z)^ is 
continuous. Thus, there exists a Klz G H such that {f,)Cz) = f{z) holds for every f G H. In 
this way we obtain a function 

/C: Eh xEh ^ C, {z, w) 1C{z, w) = {lCw,JCz) ■ 

The function /C is holomorphic in the first variable and anti-holomorphic in the second variable. 
It follows from (IH2) that JC is G-invariant. i.e., IC{gz,gw) = IC{z,w) holds for all g (z G and 
all z,w ^ Eh ■ We call IC the Cauchy-Szego kernel of Ti, and note that Ti is determined by /C . 

To describe the spectral resolution of K denote by Gg the iv" -spherical unitary dual of 
G. We view Gg as a subset of dc/W using the parametrization of the spherical principal series. 

Notice that the topology on Gg coincides with the topology induced from aJ/W . Slightly abusing 
our notation from Subsection 2.4, we denote by (tta, Ti-x) a representative of A G Gg . For X G Gg 
define the G-invariant kernel Kl\ by 

Kx{xKc,yKc) = {T^\{y)v^.,x,T:x{x)v^^^) (xKcyKc e Eh) ■ 

Write E°jf^ for Eh but endowed with the opposite complex structure. We recall that the map 

Gs^O{Eh xE°^P), A^/Ca 
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is continuous [KSOlb, Sect. 5] (it follows from the fact that the spherical functions ip\ and their 
holomorphic continuations are continuous in A). Then by [KSOlb, Th. 5.1] there exists a unique 
Borel measure ji on Gg such that 

(3.1.2) lC{z,w)= I Kx{z,w) dii{X) {z,w^'E.h) 

Jg. 

with the right hand side converging absolutely on compact subsets of Eh x Eh ■ Equivalently 
phrased, the mapping 

(3.1.3) / Hx dfi{X) ^ H, s = (sa)a ^ (xKc ^ / {Trx{x-^)sx,v^,,) d/x(A) 

JGs \ JGs 

is a G-equivariant unitary isomorphism. In the sequel we refer to the measure /x as the Plancherel 
measure of H . 

In [KSOlb] a criterion was given on a Borcl measure /i on Gg to be a Plancherel measure 
for an invariant Hilbert space 7i = 7i(/x) on E. This criterion can be easily adapted to invariant 
Hilbert spaces on Eh ■ Let us provide the necessary modifications. 

Define a norm || • ||h on by 

I!A||h:= sup^gvv/Wo I^(^«^h)| (Ae Oc) . 
Then [KSOlb, Prop. 5.4] and its proof readily gives the following generalization: 

Proposition 3.1.1. Let ^ be a Borel measure on Gg with the property 

(3.1.4) (V0<c<2) / 6^=11 ''"^"^ dAt(A) < DO . 

JGs 

Then n is the Plancherel measure of an invariant Hilbert space 'H{n) on Eh ■ ■ 



3.2. The definition of the Hardy space 

We are now ready to give the definition of the Hardy space on Eh ■ Let us denote by ia*^_ an 

open Weyl chamber in ia* . In the sequel we will consider io!^ mainly as a subset of Gg . Let 

O be a neighborhood of ia* such that X]u,gw/Wo '^h^^ ^ holomorphic square root Zh(A) 

on O. Define a holomorphic function Cg/h on O by 

Cg/h(A) = c(A) • Zh(A) 

and define a Borel measure /x on ia*^_ by 



where dX denotes the Lebesgue measure. Then we have: 
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Lemma 3.2.1. The measure fi satisfies the condition (3.1.4); in particular ^ is the Plancherel 
measure of an invariant Hilbert space Hip) on Eh ■ 

Proof. Recall the growth behaviour of the c -function on the imaginary axis: There exists 
constants C,N > such that 

(VAeia*) ^-l^<C(l + |Ar). 
Moreover for A e ia* one has = e^^^^^^ > 0. Hence 

wew/Wo 

Combining these two facts now yields that fi satisfies (3.1.4). ■ 

Using Proposition 3.1.1 and Lemma 3.2.1 we now can give an adhoc-definition of the Hardy 
space on Eh . 

Definition 3.2.2. (Hardy space) Let G/H be a NCC symmetric space and Eh its 
associated domain in Gc/Kc- Then we define the Hardy space H^^Eh) on Eh by 

H2(Sff) =H(/z) 

with n as in (3.2.1). ■ 

Recall the Cauchy-Szego kernel K{z,w) of the invariant Hilbert space H^{Eh) from Sub- 
section 3.1. 

Lemma 3.2.3. Let K be the Cauchy-Szego kernel of H'^{Eh). Then the limits 

^{z) = lim IC{z, atKc) {z e Eh) 

exist locally uniformly. In particular, ^:Eh — > C is an H -invariant holomorphic function. 

Proof. Fix z e Eh and let U C Eh be a compact neighborhood of z. Choose e > small 
enough such that a^U C Eh . Then, by G-invariance, we have 

IC{z, atKc) = IC{aeZ, a-^atKc) = K,{aeZ, OtsKc) 

for all e < t < 1. The claim follows now, because ]e,l + s[b t lC{aeZ,at-eKc) € C 
is continuous, and hence limt yi )C{z, atKc) = lC{asZ, ai-^Kc) exists and the convergence is 
uniform on compact subsets. ■ 

We refer to * as the Cauchy-Szego function oi H'^{Eh). As JC is G-invariant, it follows 
that /C can be reconstructed from ^ . Moreover, as HcT{Qh)Kc/Kc meets Eh in an open set, 
we conclude that ^! is uniquely determined by its restriction to T{i}^)Kc/Kc C Eh. 

Using Theorem 2.5.2 (i) we finally obtain the spectral resolution of 

Theorem 3.2.4. For a e T(Oh) we have 

dX 



'i!{aKc)= I ip\{zua) ^^^^^ 



-G/HV 



where the integrals on the right hand side converge uniformly and absolutely on compact subsets 
of T{nn) . m 
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We now discuss the boundary value map b:H'^{EH) — > L'^{G/H)^c- As usual, this 
boundary value map can be nicely defined pointwisc only on an appropriate dense subspace of 
H^i^H) ■ Write Ti?{^HY t;he analytic vectors of the left regular representation (L, H^(Sjj)) . 
Fix / e 'H}{EhY ■ Then for every compact subset C C G there exists an < e < 1 such that 
L{a-gg~^)f exists for all g G G. In particular, ifO<£<t<l, then 

figatKc) = f{gaeat-eKc) = [L{a-sg~'^)f)]{at-eKc) ■ 

and so 

\im^ figatKc) = [L(a_,5"')/)](ai-.i^c) • 

1/ 1 

It follows that we have a well defined G-equivariant boundary value map: 



(3.2.2) b'^-.H^Enr ^C{G/H), {f){gH) = \im f{gatKc) . 

t/ 1 

Recall from (3.1.3) the isomorphism /.®^ Hx dn{X) H'^{^h) = ^^(/x): 

s = {s\)\ ^ (^xKc ^ (7rA(a;~^)sA,WK,A) d^x{\)^ . 

It is useful to have the corresponding formula for on the space of sections with values in 
( /i o"* dii{X)j , i.e., on the space of analytic sections. In this regard, it is better to replace 
H^i^HY by some smaller but dense subspace Ti?{^H)o- In order to define Ti?{^H)o we have 
to introduce some terminology. For a section s = (sa)a & /j*. Wa (i/u(A) we define its support 

by supp(s) = {A e ia*^_:s\ 0}. Futhermore we shall use the identifications = C'^{M\K) 
for A € ia*^_. Recall that if / G ?i^(S//)" and s = {s\)\ = $~^(/), then almost each stalk sx is 
an analytic vector, i.e. sx G C'^{M\K). The subspace H^{Eh)o is then defined by 



/ is if -finite, 

/ £ T-L^{^hY '■ s = (sa)a ~ ^^^if) has compact support, 
s: ia*^ ^ {M\K) is weakly smooth. 



It is an easy verification that TI^{Eh)o is a dense subspace of H^(S//). Write bQ:H^{^H)o 
C{G/H) for the restriction of 6'^ to H'^{Eh)q. 

In the sequel we will often identify a function / S W^(Sh)o with its corresponding section 
s = {sx) = $"^(/). We then claim that 



(3.2.3) 6o: n\^H)o ^ C{G/H), s = (sx) ^ \^gH ^ ^ {nx{g-')sx, v^,,) d/.(A) 

Notice that it is a priori not even clear that the right hand side of (3.2.3) is well defined. To 
establish (3.2.3) fix / e H'^{Eh)o and g G G. As / is an analytic vector for the left regular 
representation {L,'H'^{Eh)) it follows that there exists an < e < 1 such that L(a^g~^)f 
exists. Using standard procedures one deduces that Trx{asg~^)sx exists for almost all A. In 
particular sx £ Hx is analytic for almost all A. Furthermore, L{aeg~^)f corresponds to the 
section {7Tx{aeg~^)sx)x and so 

(3.2.4) \\L{a,g-')ff = [ ||7rA(ae9-')sA||' d^i{X) < oo . 

J io* 
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With the convention ■JTx{ai)vK ,x = Vh ,x we then have for all e < f < 1 and almost all A 
the estimate 

\{'^\{9~^)sx,'JTx{at)vK,x)\ = \{nxiaeg~'^)sx,nx{at-s)vK,x)\ 
(3.2.5) < ||7rA(ae5"')sA|| • \\Trx{at-e)vK,x\\ 

< M ■ \\Trx{a,g-^)sx\\ 

with M = sup^esupp(s) ||7rA(at-e)t^K,^|| < oo as supp(s) is compact. 

e<t<l 

Recall our notion of holomorphic extension from Definition 2.2.1. As almost each stalk sx 
is an analytic vector in Hx, it follows from estimates (3.2.4-5) and the compactness of supp(s) 
that 

/ {'!^x{g~^)sx,VTi,x) diJ,{X) = / lim{'Kx{g~^)sx,Tr{at)vK,x) dn{X) 

Jia^^ Jsupp(s) 

= lim / {'Kxig~^)sx,'^x{at)vK,x} diJ,{X) 

^ Jsupp(s) 

As / and g were arbitray, this completes the proof of (3.2.3). 



3.3. The Plancherel Theorem for L'^{G/H),,,c 

Before we can show that bo has image in L^(G/ff)i„c and extends to an isometric embedding, 
we need to recall some facts about the most continuous spectrum Z/^(G/if )mc of L'^{G/H) 
(cf. [vdBS97a] and [D98]). All the results collected below are proved in [vdBS97a] or might be 
considered as special cases of [D98]. The crucial way where our assumption that G/H is NCC, 
H = G'^ , and G C Gc with Gc simply connected, enters is the fact that Zh{o-) = Zk{o-) and 
H = ZH{a)Ho. 

Recall from Subsection 2.7 the mapping j(A): C'^/'^ol (H^°°)^ and the intertwining 
matrix Ah{X, wX)*: (H^^)^ ^ (Wa°°)^ both defined for generic A e a£, and all w e W. For 
generic A we define 

j°(A):Cl^/^«l ^ iH^°°f 

by 

(3.3.1) /(A): = [Ah{woX, X)*]-^ o j{woX) 

with Wo gW the longest element. Then j° has no poles on ia* (cf. [vdBS97b, Th. 1]). Denote 
by (ew)iuew/Wo canonical basis of the Hilbert space Cl^/^°l . For w G W/Wo define 

vl^: = fWe^&{nxn"- 

Define a Hilbert space structure on Hom(Cl^/^°l , TYa) using the identification 

Hom(Cl^/^«l,HA) ^ Ha ® [Cl^/^«l]* . 

Write S{G/H) for the Schwartz space on G/H and Pmc:L^{G/H) L^{G/H)^c for the 
orthogonal projection on the most continuous spectrum. Set <Smc(G/if) = Pmc{S{G / H)) . Then 
for functions / G Smc{G/H) the Fourier transform is defined by 



(3.3.2) 



Hf) = {Mf)fW)x 
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By [D98, Th. 3] or [vdBS97a,Cor. 18.2 and Prop. 18.3], T extends to a G-equivariant unitary 
isomorphism 



(3.3.3) T:L''{GIE)^^ ^ / Hom(Cl^/^°l,HA) d\ . 

In particular, we have (using suitable normalization of measures) that 

(3.3.4) \\ff= [ \\J^{f){X)fdX 

for all /e5^c(G/F). 

Next we wish to describe . Let {Gw)weW/Wo be the dual basis of {ew)wew/Wo ■ Then 

a section s of J^, Hom(Cl^/^''l, Ha) dX can be written as s = (X^wgw/Wo ^^>^ ^ ^u))a with 

sx,w e Hx for all A e ia% and w e W/Wq. Recall that if s = {J2wew/Wo ^ ^w)>^ is a 
smooth vector, then SA,tu is a smooth vector in Ti\ for almost all A. In the sequel we will use 

the identification = C°°{M\K). Define a subspace of (/.®^ Rom{d^/^''\ ,Hx) dX^'^ by 



Ho 



. oo s is ii'-finite, supp(s) is compact, 

s€(/ Hom(Cl^/^°l,WA) rfA J : s: ia^ ^ Romid^ /^"^ , {M\K)) 

' is weakly smooth. 




It is not hard to see that Tio is a dense subspace in J^®. Hom(Cl^/^°l , TYa) dX. Then for an 
element s G Tio the inverse Fourier-transform is given by [D98, Th. 3] 



(3.3.5) T-\s){gE)=\ ^ l,'Kx{9-^)sx,u„r]%) dX . 

«;eW/Wo 

Moreover [D98, Th. 3] implies that 

(3.3.6) ^-'(Wo) C S^,{G/H) ; 

in particular J^(J^^^(s)) is given by the formula (3.3.2) for s e TYo • 

Remark 3.3.1. Wc have normalized the invariant measure on G/H and the measure dX on 
a* so that (3.3.3) and (3.3.4) holds without any additional constants. This is possible, because 
we are only working with the principial series of representations and the most continuous part 
of the spectrum. In general, one has to take into account the order of several Weyl groups. We 
refer to Theorem 31 and Remark 32 in [vdBOO] for general discussion on the normalization of 
measures. ■ 



3.4. Isometry of the boundary value mapping 

In this subsection we complete our discussion of the boundary value mapping begun in Subsection 
3.2. 
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Theorem 3.4.1. (Isometry of the boundary value mapping) The boundary value 
mapping, initially defined by 

bo: n\EH)o ^ C{G/H), bo{f){gH) = lim f{gatKc) 

(cf. (3.2.2-3)^ extends to a G -equivariant isometric embedding 

b-.n^iEn)^ L^(G/HU, . 
Proof. For each A G ia*_^ define a vector b(A) G (C^^/Woly by 

h{X) = c{woX) ^H'""^'"°'+^^e; . 

wew/Wo 

Notice, that for A G za* we have 



U-2«;-iA| _ -w-\X+p) -w-^{\+p) _ -u.-i(A+p) i«-i(A+p) 

Therefore, employing the Maass-Selberg relation for c(A) we obtain 

iib(A)ii^ = ic(A)r Yl i^H'""'i' = icG/H(A)r 

wew/Wo 

In particular we see that we have an G -equivariant isometric embedding of direct integrals 
r. r Hx dn{X) Hom(Clw/w°l, Wa) ^A, s = (sa)a ^ (sa ® b(A))A . 

J ia'^ J ia*^ 

From the definition of the spaces Ti?{E.H)o and Tin it is then clear that 
(3.4.1) t($-^(H2(SH)o)) CHo . 

As 

i{s)^ = c{wo\) Y ^H"'"'""''+^^SA®e;, 
wew/Wo 

we get by (3.2.3), (3.3.5), Theorem 2.6.1 and Theorem 2.7.1 that 

[J^-\i{s))]{gH) = [ J2 <mX)z-^~'^^'^^+'\n^{g-')s^,7jlJ dX 
"^*"+ wew/Wo 

= E (^a(5-^)sa,c(«;oA)^^"(""'^+'')77L) dX 

"^*°+ wew/Wo 

= / {T^x{g~^)sx,Va,x) dX 

= bo{s){gH) 

From this and (3.3.6) it follows that bo{f) G Smc{G/H); in particular we have 6o(/) G 
L'^iG/H)^,. Finally 

||&o(/)IU==(G///w = r"'(4^))ll = 114^)11 = Pll = ll<5'(^)ll - 11/11 
as .F, i and $ are isometric. This completes the proof of the theorem. ■ 

Remark 3.4.2. The domain Sjj is maximal in the sense that generic functions in H^(E!//) do 
not extend holomorphically over Eh ■ ■ 
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3.5. Concluding remarks and the example of G = S1(2,]R) 

In [GKOOl] we defined a Hardy space H'^{E) on S for the cases where S = Eh- Let us briefly 
summarize its construction in order to put it into perspective with the results in this section. 

Geometrically the situation 5 ~ Eh is equivalent to the fact that S is homogeneous for a 
bigger Hermitian group S ^ G (cf. [KSOlb]). More precisely, if ?7 < S* denotes an appropriate 
maximal compact subgroup with K C U then S is G-biholomorphic to the Hermitian symmetric 
space S/U . For example if G is Hermitian, then S = G x G and S ~ G/K x G/K . 

The assumption S = Eh thus allows us to identify E with a bounded symmetric domain 
T) ~ S/U . Within this identification one shows that ddE ~ G/H becomes a Zariski-open subset 
in the Shilov boundary dgV of V . 

The identification of E with D was used in [GKOOl] in a crucial way: One can transfer 
the action of an appropriate compression-semigroup F D G on P to S and use this to give a 
definition of a Hardy space as follows: 



(3.5.1) n\E) = {/ e 0{E): \\ff = sup^^intr / \f{l9z.)? dgH < oo} . 

Jg/h 

In [GKOOl] we have shown - with entirely different methods - that the Hardy space defined as 
in (3.5.1) has the following properties: 

(3.5.2) Ti/^iE) is a Hilbert space of holomorphic functions featuring an isometric boundary value 
mapping 6:W^(S) ^ L'^[G/H)^c- Moreover, im6 is a multiplicity one subspace of full 

spectrum. 

(3.5.3) The Hardy space Ti?{E) is G-isometric to L'^{G/K) through a transform of Segal-Barg- 
mann type. 

(3.5.4) T-C^iE) is G-isometric to the classical Hardy space H^iT)) through an explicitely given 
mapping. 

In particidar for E = Eh it follows from Theorem 3.4.1 and (3.5.2) that the definition of 
(3.5.1) coincides with our spectral definition of the Hardy space in Definition 3.2.2. For the cases 
where E ^ Eh there is no apparent semigroup action on Eh and a definition of H^(S//) in the 
flavour of (3.5.1) seems presently not possible. 

Notice that (3.5.3) implies that the Planchcrcl measure of 7Y^(S) has support equal to ia\ . 
However, in [GKOOI] we could not determine this measure explicitely. With the new approach 
given in this section this difficulty is already taken care of with the deflnition of the Hardy space. 

The explicit isomorphism of W^(S) with the classical Hardy space 'H'^{'D) allows us to 
find also a nice closed expression for the Cauchy-Szego function \1/ (cf. [GKOOl, Th. 5.7 and 
Ex. 5.10]). Combining this closed expression with the spectral resolution of ^ in Theorem 3.2.4 
one obtains interesting identities for (generalized) hypergeometric functions. For example for 
G = S1(2,R) one obtains the following formula: 



1-tanh^t -K ^{l .A 1 A , . , 2 t^x 
7o ^U+^4'4-^4'^'-^^^^ (2* + *2) 



1 + tanh^ t 2 



F(^) 



cosh I A 



for all t e M + i] — J , ^ [ . Here F denotes the GauB hypergeometric function. 
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A. Appendix: Analytic vectors for representations 



In this appendix we will summarize some facts on analytic vectors for representations. None 
of the results collected below is new, however some of them might be hard to find explicitely in 
the literature. In order to keep the exposition short, we will omit proofs and often do not make 
the most general assumptions. A more detailed account containing complete proofs can be found 



Throughout this appendix G will denote a connected unimodular Lie group with G C Gc . 

Let E he & complex Banach space and G\{E) the group of continuous invertible operators 
on E . By a (Banach) representation of (tt, E) of G we will understand a group homomorphism 
tt: G ^ Gl(£') such that for all v & E the orbit mapping 



is continuous. 

A vector u G is called analytic if 7^, is an analytic i?-valucd map or, cquivalcntly, if 
there exists an open neighborhood U of 1 in Gc and a G-equivariant holomorphic mapping 



such that 7^,!7(1) = v. In particular, ^y^u |g = 7t; • 

The vector space of all analytic vectors for (vr, E) is denoted by E'^ . We recall a funda- 
mental result of Nelson which states that E'^ is dense in E . 

Next we are going to recall the definition of the topology on E'^ . 

For a complex manifold M let us denote by 0(M, E) the space of all S-valued holomorphic 
mappings on E. Topologically we consider 0{M,E) as a Frechet space with the topology of 
compact convergence. 

For any open neighborhood of 1 in Gc we write Ejj for the subspace of E'^ for which 
7„,c/ exists. Then we obtain a linear embedding 



The image of r]u is closed and hence 0{GU, E) induces a Frechet topology on Eu ■ Notice that 
for Ui C U2 we obtain a continuous embedding Eu2 — > via restriction. Thus 



and we can equip E'^ with the inductive limit topology, i.e. the finest topology on i?" for which 
all inclusion mappings Ejj E'^ become continuous. Notice that this turns E'^ into a locally 
convex topological vector space. 

By E~^ we will denote the antidual of E'^ , i.e. the space of all antilinear continuous 
functionals on i?" . The space is referred to as the space of hyperfunction vectors of the 

representation (tt, E) . We equip i?^" with the topology of bounded convergence. 



in the forthcoming survey [KO03]. 



A.l. Deflnition and topology of analytic vectors 



'y^-.G^E, g^-K{g)v 



jy,u--GU^E 



■nu- Eu 0{GU, E), V ^ 7^,[/ . 
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A.2. Analytic vectors for L^{G/H) 

Let H < G he a closed subgroup such that G/H carries a G-invariant measure. We write 
L^{G/H) for the corresponding Banach space of integrable functions and {L,L^{G/H)) for the 
left regular representation of G on L^{G/H), i.e., 

{L{g)f){xH) = f{g-'xH) {g,xeG,fe L\G/H)) . 

Further it is convenient to assume that G/H C Gc/Hc- Then we have the following 
characterization of the analytic vectors: 

Proposition A. 2.1. Let U be an open neighborhood of 1 in Gc- Then f G L^{G/H)u if 
and only if there exists a holomorphic function f on the open set 

U~^GHc/Hc C Gc/Hc 

with the following properties: 

(1) J\G/H = f. 

(2) For all X G U the map 

l-.G/H^C, gH^f{x-'gH) 

belongs to L^{G/H). 

(3) For all compact subsets V CU we have 

■ 

There are two types of homogeneous spaces G/H which will be of particular interest for us. 
The first is when H = 1. Then L^{G)^ denotes the analytic for the left regular representation 
of G on L^(G) . The second case is for G = H x H and H < G the diagonal subgroup. In this 
case G/H ~ H and L becomes left- right regular representation oi H x H an. H . Here we shall 
write L^{HY''^ for the analytic vectors. 



A. 3. Averaging properties 

Recall that the average map 

C,{G)^C,{G/H), f^f";f"{xH)= [ f{xh)dh 

Jh 

is contiunuous and onto. Further, this map extends to a surjective contraction of Banach spaces 
(G) — » L^{G/H). We will show that the averaging operator maps analytic vectors into analytic 
vectors. 

A standard application of the Bergman estimate gives: 

Lemma A. 3.1. Let U C Gc be an open neighborhood of 1. Then for any pair of compact 
subsets (7i, 172 C [/ with Ui C intf/2 there exists a constant G > such that for all f G L^{G)u 
we have that 

(Vx e C/f^G) / \fixh)\ dh < Gsup.g^, ||/,||, 

where f denotes the extension of f to a holomorphic function on U~^G (cf. Proposition A.2.1)m 
Combining Lemma A. 3.1 with Proposition A. 2.1 we obtain: 
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Proposition A. 3. 2. Let U C Gc be an open neighborhood of 1 . Then for every f £ L^{G)u 
and g & G the integral f^{g) = Jh figh) dh converges absolutely and f" e L}{G/H)u- In 
particular, there is a well defined mapping 

L\Gr ^L\G/Hr, f^f". 



A. 4. Mollifying properties 

In this section £ = 1-1 will be a Hilbert space and (tTjH) a unitary representation of G. 
For / e L^{G) one defines a continuous operator 'jT{f):H — > W by 

Af> = I fi9M9)v dg (vGH). 
Jg 

Notice that this defines a * -representation of the Banach algebra L^{G), i.e. we have '^{f *g) = 
7r(/)7r(5) and 7r(/)* = 7r(/*) with f*{x)=J(^. 

Recall that L^(G)'^''^ denotes the analytic vectors for the left-right regular representation 
of G X G on L^{G). It is easy to see that L^{G)'^''^ is *-closed subalgebra of L^{G). 

Let / G L^{GY''^ . It follows readily from Proposition A. 2.1 and the definition of analytic 
vectors that n'^if) maps H continuously into . In particular the restriction n^if): = n{f) \w' 
gives rise to a continues operator Tr^{f): — > ■ Hence we have an algebra representation: 

7r'^:Li(G)'^''^ ^ End(W), f^n'^if). 
The corresponding dual representation is given by 

TT"'^: Li(G)'^''^ ^ End(W-'"); 7r-'^(/)A = A o 7r'^(/*) . 
Another application of Proposition A. 2.1 then gives us the mollifying property: 

Proposition A. 4.1. Let {tt,H) be a unitary representation of a unimodular Lie group G . 
Then we have for all f e L'^{GY''^ that 



Note: For / e X^(G)'^'", it is often convenient to write 7r(/) instead of tt '^{f). We will use 
this convention throughout Section 2 in the main text. 
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